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Abstract
We investigate the asymptotic supersymmetry group of the near horizon region of the
BMPV black holes, which are the rotating BPS black holes in five dimensions. When
considering only bosonic fluctuations, we show that there exist consistent boundary con-
ditions and the corresponding asymptotic symmetry group is generated by a chiral Vira-
soro algebra with the vanishing central charge. After turning on fermionic fluctuations
with the boundary conditions, we also show that the asymptotic supersymmetry group is
generated by a chiral super-Virasoro algebra with the vanishing central extension. The
super-Virasoro algebra is originated in the AdS2 isometry supergroup of the near horizon
solution.
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1 Introduction
BPS black holes in supergravity, which preserve a part of supersymmetry, play important roles
in the understanding of the quantum mechanical nature of black holes. In the pioneering
work by Strominger and Vafa [1], the five-dimensional BPS black hole is identified with a
D-brane bound state in type IIB superstring theory and the Bekenstein-Hawking entropy is
explained by the microscopic counting in D-brane effective theory. The BPS black holes are
also extensively studied from the perspective of the AdS/CFT correspondence [2]. In these
analyses, supersymmetry is one of the keys to understanding the quantum properties of black
holes in superstring theory.
Recently, the Kerr/CFT correspondence, which is the duality between quantum gravity on
the extremal Kerr black hole and a two-dimensional conformal field theory, has been suggested
[3] (see [4] for a recent review). This conjecture is based on the investigation of the asymptotic
symmetry group on the near horizon geometry of the extremal Kerr black hole. (See section 3
for the definition of asymptotic symmetry group.) The asymptotic symmetry group is generated
by a chiral Virasoro algebra with a nontrivial central extension, which gives a strong evidence
for the Kerr/CFT correspondence.
The characteristic of the Kerr/CFT correspondence is that it does not require the BPS
nature and the origin in D-branes of the black holes. If the Kerr/CFT correspondence is
realized in supergravity (or superstring), more information of quantum properties of black
holes can be extracted, as in the AdS/CFT correspondence. Supersymmetry will also play a
key role in such a realization.
However, in four dimensions, there is a theorem that asymptotically-flat rotating black holes
cannot be supersymmetric, i.e. cannot have any globally defined Killing spinors [5]. On the
other hand, in five dimensions, there exists the asymptotically-flat BPS rotating black hole, so-
called BMPV black hole [6]. The BMPV black hole has been also investigated in the context of
the Kerr/CFT correspondence [7, 8, 9, 10]. Since the BMPV black hole is supersymmetric solu-
tion of supergravity, it is naturally expected that the asymptotic symmetry group is enhanced
to a two-dimensional superconformal group, which is generated by a super-Virasoro algebra.1
So far, however, the asymptotic supersymmetry group has not been discussed from the perspec-
tive of the Kerr/CFT correspondence.2 Thus, in this paper, we discuss the BMPV black holes
in five-dimensional minimal supergravity, focusing on the asymptotic supersymmetry group.
Concretely, in the near horizon region of the BMPV black hole, we obtain the asymptotic
Killing vectors under the specified boundary conditions for the metric and gauge field. Con-
served charges associated with the asymptotic symmetry group is constructed based on the
covariant phase space method [14, 15, 16]. The resulting charges satisfy the Virasoro algebra
1In three-dimensional AdS supergravity, the asymptotic symmetry group is known to be enhanced to a
two-dimensional superconformal group, using the Chern-Simons formalism [11].
2Asymptotic supersymmetry has been discussed in four-dimensional AdS space [12, 13]. The resulting
asymptotic supersymmetry group becomes an isometry supergroup of AdS4.
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with vanishing central charge, which originates from the different boundary conditions from the
Kerr/CFT case. Furthermore, we obtain the asymptotic Killing spinors, which are related to
the asymptotic supersymmetry group, under a boundary condition for gravitino. Applying the
covariant phase space method to fermionic charges [13], we construct the conserved charges as-
sociated with the asymptotic Killing spinors and obtain the super-Virasoro algebra generating
the asymptotic supersymmetry group.
The organization of this paper is as follows. In section 2, we summarize the basic properties
of the BMPV black hole and its near horizon limit. In section 3, we study the asymptotic
symmetry group of the near horizon solution, focusing on the bosonic fields. The effects of
fermionic fields are considered in section 4. The relation to other approaches to the BMPV
black hole and the extension to other black holes are discussed in section 5. Technical tools are
prepared in the appendices. In appendix A, an extension of Lie-derivative is introduced. The
covariant phase space method is reviewed in appendix B.
Our conventions are as follows:
• We take the signature of the metric as (−++++). We denote the local Lorentz indices
as a, b, c · · · and the curved space indices as µ, ν, ρ · · · .
• In this paper, we consider the torsion free situation exclusively. In this situation, the spin
connection is given by
ωµab = −12eνa(ebµ,ν − ebν,µ)− 12eνb(eaν,µ − eaµ,ν)− 12eρaeσb(edσ,ρ − edρ,σ)edµ, (1)
where eaµ denotes the vielbein.
• The Clifford algebra is defined by {Γa,Γb} = 2ηab. Γa1···an denotes the completely an-
tisymmetrized product, i.e. Γa1···an ≡ Γ[a1 · · ·Γan]. The hermiticity property is given
by (Γa)† = −Γ0Γa(Γ0)−1, and the Dirac conjugation is defined by ψ ≡ ψ†Γ0. In our
investigation, it is convenient to decompose a Dirac spinor ψ as ψ± ≡ i
2
(1± iΓ0)ψ.
• We consider the various symmetry transformations in this paper. For convenience, we
distinguish them by the transformation parameters. v denotes the general coordinate
transformation parameter; Λ denotes the U(1) gauge transformation parameter; and ξ
denotes the supersymmetry transformation parameter. For example, δvgµν means the
general coordinate transformation of the metric.
3
2 The BMPV solution
In this section we review the BMPV black hole solution [6, 5]. It is the rotating BPS solution
in D = 5 minimal supergravity [17, 18] described by the action
S =
1
16π
∫
d5x
[
eR − eFµνF µν − 2ie(ψµΓµνρDνψρ + ψρ
←−
D νΓ
µνρψµ) +
√
3eψµX
µνρσψνFρσ
]
+
1
6
√
3π
∫
A ∧ F ∧ F +O(ψ4µ), (2)
where Xµνρσ ≡ Γµνρσ+gµρgνσ−gµσgνρ, and Dµ denotes the covariant derivative only containing
the spin connection. The supersymmetry transformation laws of this theory are given by
δξe
a
µ = i(ξΓ
aψµ − ψµΓaξ), (3)
δξψµ = Dµξ +
i
4
√
3
(eaµΓ
bc
aFbc − 4eaµΓbFab)ξ +O(ψ2µ), (4)
δξAµ = −
√
3
2
(ψµξ − ξψµ). (5)
For our purpose the explicit forms of the higher order terms of the gravitinos are not important.
The BMPV solution is characterized by the two parameters (µ, j), which are related to the
mass and the angular momentum. It is given by3
ds2 = −
(
1− µ
r2
)2(
dt+
j
2(r2 − µ)σ3
)2
+
(
1− µ
r2
)−2
dr2 + r2dΩ23, (6)
A =
√
3
2
[(
1− µ
r2
)
dt+
j
2r2
σ3
]
, ψµ = 0, (7)
where dΩ23 is the 3-sphere metric and σ3 is one of the left invariant 1-forms σI (I = 1, 2, 3). It
is convenient to parameterize the 3-sphere by the Euler angles (θ, φ, ψ) whose ranges are
0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, 0 ≤ ψ ≤ 4π. (8)
The left invariant 1-forms are represented by
σ1 = − sinψdθ + cosψ sin θdφ, (9)
σ2 = cosψdθ + sinψ sin θdφ, (10)
σ3 = dψ + cos θdφ, (11)
and the 3-sphere metric is given by
dΩ23 =
1
4
(dθ2 + dφ2 + dψ2 + 2 cos θdψdφ). (12)
The BMPV solution is supersymmetric because it has the Killing spinor which is the non-
trivial solution of the Killing spinor equation
Dµξ +
i
4
√
3
(eaµΓ
bc
aFbc − 4eaµΓbFab)ξ = 0. (13)
3 Interesting geometric properties and causal structures of the BMPV black holes have been discussed in
[19, 20, 21].
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The explicit form of the Killing spinor is
ξ =
(
1− µ
r2
)1/2
η+, (14)
where η is a constant Dirac spinor.
2.1 The near horizon solution
The BMPV black hole has the horizon which is located at r =
√
µ. Let us consider the near
horizon limit which is given by making the coordinate transformations
r → √µ (1 + λ
2
r
)
, t→
√
µ
2λ
t, (15)
and taking the limit λ→ 0. In this limit, the BMPV solution (6,7) reduces to
ds2 = −µ
4
(
rdt+
j√
µ3
σ3
)2
+
µ
4
dr2
r2
+ µdΩ23, A =
√
3µ
4
rdt+
√
3j
4µ
σ3, ψµ = 0. (16)
This solution has the SL(2,R)×SU(2)×U(1) isometry group which is generated by the Killing
vectors
u1 = ∂t, (17)
u2 = t∂t − r∂r, (18)
u3 =
1
2
[
1
r2
(
1− j2
µ3
)
+ t2
]
∂t − tr∂r + j√µ3r∂ψ, (19)
vL1 = sinφ∂θ + cot θ cosφ∂φ − csc θ cosφ∂ψ, (20)
vL2 = cosφ∂θ − cot θ sin φ∂φ + csc θ sinφ∂ψ, (21)
vL3 = ∂φ, (22)
vR3 = ∂ψ, (23)
where uI , v
L
I and v
R
3 are the generators of the SL(2,R), SU(2) and U(1) isometry group,
respectively.
To identify the isometry supergroup of the near horizon solution (16), we follow the argu-
ments of [5, 22].4 First, we need to find the Killing spinors on the near horizon solution (16).
We choose the vielbeins as
e0 =
√
µ
2
rdt+ j
2µ
σ3, e
1 =
√
µ
2
σ1, e
2 =
√
µ
2
σ2, e
3 =
√
µ
2
σ3, e
r =
√
µ
2r
dr. (24)
and the product of all five gamma matrices as Γ0123r = i. Then the Killing spinor equation (13)
4 The isometry supergroup is also investigated by the geometrical method for coset spaces [23, 24].
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reduces to
0 =
[
∂t − r2Γ0r + ir2 Γr
]
ξ, (25)
0 =
[
∂r − j2√µ3rΓ03 − i2rΓ0 + ij2√µ3rΓ3
]
ξ, (26)
0 =
[
∂θ − sinψ2 M1 + cosψ2 M2
]
ξ, (27)
0 =
[
∂φ − cos θ2 Γ21 + sin θ cosψ2 M1 + sin θ sinψ2 M2
]
ξ, (28)
0 =
[
∂ψ − 12Γ21
]
ξ, (29)
where
M1 ≡ −Γ32 + j√µ3Γ02 − ij√µ3Γ2, M2 ≡ Γ31 − j√µ3Γ01 + ij√µ3Γ1. (30)
The most general solution of eqs.(25-29) is given by the linear combinations of the following
two Killing spinors:
ξ1 = r
1/2Ωη+, (31)
ξ2 =
[
r−1/2
(
−i+ j√
µ3
Γ3
)
− tr1/2Γr
]
Ωη−, (32)
where
Ω = e
1
2
Γ21ψe
1
2
Γ13θe
1
2
Γ21φ, (33)
and η is an arbitrary constant Dirac spinor. Next, we should consider the quantity
ξΓµξ′∂µ, (34)
where ξ and ξ′ are Killing spinors. As is discussed in [5, 22], this is the Killing vector field and
generates the bosonic isometry group which is extended to the isometry supergroup. In our
case, the vector (34) is spanned by the Killing vectors (17-22) only. This implies that SL(2,R)
and SU(2) enlarge to SU(1, 1|2), but U(1) part remains the pure bosonic. Therefore we can
conclude that the isometry supergroup of the near horizon solution (16) is SU(1, 1|2)× U(1).
3 Asymptotic symmetry group
In this section we study fluctuations of the bosonic fields around the near horizon solution
(16). In particular, we analyze the asymptotic symmetry group (ASG) in detail. The ASG
is defined by the set of allowed symmetry transformations modulo the set of trivial symmetry
transformations. A transformation is allowed if it generates a fluctuation which obeys the
boundary conditions. A transformation is trivial if a conserved charge associated with it, which
is defined in appendix B.1, vanishes.
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In what follows we rename the near horizon fields given by eq.(16) as g¯µν , A¯µ and ψ¯µ, to
emphasize that they are the background, and denote fluctuations around them by hµν , aµ and
πµ, respectively. Note that the total field configurations are given by
g(tot)µν = g¯µν + hµν , A
(tot)
µ = A¯µ + ∂µλ+ aµ, ψ
(tot)
µ = ψ¯µ + πµ, (35)
where λ = λ(t, θ, φ, ψ) is an r-independent arbitrary function which fixes a gauge of the back-
ground gauge field.5 Throughout this section, we set πµ to zero to focus on the bosonic fluctu-
ations. The fermionic fluctuations are considered in section 4.
3.1 Boundary conditions
We choose the boundary conditions
hµν ∼ O

r 1/r 1 1 1
1/r4 1/r2 1/r2 1/r2
1/r 1/r 1/r
1/r 1/r
1/r
 , aµ ∼ O
(
1 1/r2 1/r 1/r 1/r
)
, (36)
in the basis (t, r, θ, φ, ψ). These boundary conditions are invariant under transformations gen-
erated by the Killing vectors (17-23). The most general allowed transformation (v,Λ) is derived
by solving the equations hµν ∼ δvg(tot)µν and aµ ∼ (δv + δΛ)A(tot)µ , or more explicitly
hµν ∼ Lv(g¯µν + hµν), aµ ∼ Lv(A¯µ + ∂µλ+ aµ) + ∂µΛ, (37)
where L denotes the standerd Lie derivative. Then we obtain the general solution
v = f(t)∂t − ∂tf(t)r∂r +
3∑
I=1
gI(t)vLI + h(t)v
R
3 + v
(sub), (38)
Λ = −v[λ] + α(t) + Λ(sub), (39)
where f(t), gI(t), h(t) and α(t) are arbitrary smooth functions and v(sub) and Λ(sub) denote the
subleading terms which are given by
v(sub) = O(1/r2)∂t +O(1/r)∂r +O(1/r)∂θ +O(1/r)∂φ +O(1/r)∂ψ, (40)
Λ(sub) = O(1/r), (41)
respectively. Notice that the allowed transformation (38) includes all of the Killing vectors
(17-23).
5In this context, we should regard A¯µ + ∂µλ as the background. The function λ plays an important role in
section 4.
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3.2 Conserved charges
The conserved charges are defined and constructed in appendix B, using the covariant phase
space method [14, 15, 16, 13]. In this formalism, infinitesimal charge differences between (g, A)
and (g + h,A+ a) are given by6
δH(v,Λ) =
∫
∂C
kv,Λ(g, h;A, a), (42)
where
kv,Λ(g, h;A, a) = k
E
v (g, h) + k
F
v,Λ(g, h;A, a) + k
CS
v,Λ(A, a), (43)
and
kEv (g, h) =
√−g
8π
[
vν∇µh− vν∇ρhµρ + vσ∇νhµσ + 1
2
h∇νvµ − hνρ∇ρvµ
] (
d3x
)
µν
, (44)
kFv,Λ(g, h;A, a) =
√−g
16π
[(−2hF µν + 8hρµF ρν − 8∇µaν) (Aρvρ + Λ)
−4F µνaρvρ − 8F νρaρvµ]
(
d3x
)
µν
, (45)
kCSv,Λ(A, a) =
1√
3π
a ∧ F (v · A+ Λ) + 1
3
√
3π
A ∧ a ∧ δ(v,Λ)A, (46)
where ∇µ denotes the covariant derivative only containing the Christoffel symbol. Covariant
derivatives and raising or lowering indices are calculated by using gµν .
The ASG is represented by the Poisson bracket algebra of the conserved charges, which is
defined by [
H(v,Λ), H(v′,Λ′)
]
PB
≡ δ(v,Λ)H(v′,Λ′). (47)
As is explained in appendix B.1, this can be rewritten as7[
H(v,Λ), H(v′,Λ′)
]
PB
= H(v′′,Λ′′) +K(v,Λ),(v′,Λ′), (48)
where the central extension term K(v,Λ),(v′,Λ′) is given by
K(v,Λ),(v′,Λ′) =
∫
∂C
kv′,Λ′(g, h;A, a)|(hµν ,aµ)=(δv+δΛ)(gµν ,Aµ), (49)
and (v′′,Λ′′) satisfies
δ(v′′,Λ′′) =
[
δ(v,Λ), δ(v′,Λ′)
]
, (50)
6 The conserved charge in more general theories containing D = 5 minimal supergravity are derived in [25],
based on the slightly different method formulated in [26, 27, 28].
7 Here we assume that fluctuations on the near horizon solution (16) satisfy the consistency condition (113),
which is essential to make conserved charges and Poisson brackets well-defined. See appendix B.1 for details.
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for the background configurations. From the direct computation, we have
v′′ = [v, v′]LB , Λ
′′ = v[Λ′]− v′[Λ], (51)
where [·, ·]LB denotes the Lie bracket.
By calculating the conserved charges associated with the allowed transformations (38,39),
we find that they do not diverge and do not vanish only for
v = f(t)∂t − ∂tf(t)r∂r, Λ = −v[λ]. (52)
This means that the ASG is generated by the transformations (52). To identify the ASG, it is
convenient to expand f(t) in terms of the Laurent series
f(t) =
∑
m∈Z
itm+1fm, (53)
where fm are pure imaginary constants. Then the conserved charge associated with the trans-
formation (52) are written by
H(v,Λ) =
∑
m∈Z
fmH(vm,−vm[λ]) (54)
where vm are defined by
vm = it
m+1∂t − i(m+ 1)tmr∂r. (55)
For simplicity, we redefine Lm = H(vm,−vm[λ]). Then, in the same way, H(v′,−Λ′) and H(v′′,Λ′′)
are expanded as
H(v′,Λ′) =
∑
m∈Z
f ′mLm, H(v′′,Λ′′) =
∑
m,n∈Z
fmf
′
n(−i)(m− n)Lm+n, (56)
respectively. Noting that K(v,Λ),(v′,Λ′) vanishes for the transformation (52), we find∑
m,n∈Z
fmf
′
n [Lm, Ln]PB =
∑
m,n∈Z
fmf
′
n(−i)(m− n)Lm+n, (57)
or equivalently,
i [Lm, Ln]PB = (m− n)Lm+n. (58)
By the semiclassical quantization procedure which consists of the replacement [·, ·]PB → 1i [·, ·]
and the reinterpretation of the conserved charges Lm as the quantum operators Lˆm, we have
the quantum version
[Lˆm, Lˆn] = (m− n)Lˆm+n. (59)
This is the chiral Virasoro algebra without the central extension.8
8 The general solution (38,39) also contains
vKM =
3∑
I=1
gI(t)vLI + h(t)v
R
3
, ΛKM = −vKM [λ] + α(t),
and (vKM ,ΛKM ) obey the ŝu(2)× û(1)× û(1) Kac-Moody algebra under the Lie bracket (51). However, these
parameters only generate trivial transformations.
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4 Asymptotic supersymmetry group
Let us move on the study of fermionic fluctuations around the background (16). In this section
we identify the asymptotic supersymmetry group (ASSG) which is defined in a similar way
to the ASG. In particular, we find the two-dimensional superconformal group, which is the
supersymmetric extension of the ASG derived in section 3.
4.1 Boundary conditions
In principle, to find the most general allowed transformation, we must solve the equations
hµν ∼ (δv + δξ) g(tot)µν , (60)
aµ ∼ (δv + δΛ + δξ)A(tot)µ , (61)
πµ ∼ (δv + δξ)ψ(tot)µ , (62)
under appropriate boundary conditions. Then we need to deal with the finite fluctuations of
gravitinos in the bulk, but it is obvious that these fluctuations violate the torsion free condition.
To avoid this undesirable situation, we assume that fluctuations of all fields are infinitesimal
everywhere. Under this assumption, it is only necessary to analyze eqs.(60-62) at the linearized
level with respect to (hµν , aµ, πµ) and (v,Λ, ξ), and these eqations reduce to
hµν ∼ Lvg¯µν , aµ ∼ Lv
(
A¯µ + ∂µλ
)
+ ∂µΛ, (63)
and
πµ ∼
[
D¯µ +
i
4
√
3
(e¯aµΓ
bc
aF¯bc − 4e¯aµΓbF¯ab)
]
ξ. (64)
Since eqs.(63) have no fluctuations in the right-hand side, these equations are different from
eqs.(37). However, we can show that the general solution of eqs.(63) is also given by eqs.(38,39)
under the same boundary conditions (36). This means that the results for the ASG derived
in section 3 remain valid in the following analysis of the ASSG. Therefore, in this section, we
concentrate on analyzing the effects of supersymmetry transformations derived from eq.(64).
For fluctuations of the gravitinos, we choose the boundary conditions9
π+t ∼ O(r−1/2), π+r ∼ O(r−3/2), π+θ ∼ O(r−1/2), π+φ ∼ O(r−1/2), π+ψ ∼ O(r−1/2),
π−t ∼ O(r−1/2), π−r ∼ O(r−5/2), π−θ ∼ O(r−3/2), π−φ ∼ O(r−3/2), π−ψ ∼ O(r−3/2). (65)
Under the above boundary conditions, the most general solution of eq.(64) is given by
ξ = −i(ξ+ + ξ−) (66)
9 The boundary conditions (65) are invariant under transformations generated by the Killing vectors (17-23).
However, in our linearized analysis, this property does not play an essential role.
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where
ξ+ = r1/2Ωη+(t) +O(r−1/2), ξ− = ir−1/2ΩΓr∂tη+(t) +O(r−3/2), (67)
and η(t) is an arbitrary smooth Dirac spinor function. Notice that the general solution (66)
includes all of the Killing spinors (31,32).
4.2 Conserved charges
According to appendix B, infinitesimal charge differences between the ψµ = 0 background and
fluctuated configurations πµ are given by
δHξ =
∫
∂C
kξ(π), (68)
where10
kξ(π) ≡ kψξ (ψ, π)|ψ=0 = − i4π |e|ξΓµνρπρ
(
d3x
)
µν
+ h.c. (69)
Along with the ASG, the ASSG is also generated by the Poisson bracket algebra of the conserved
charges. In this case we need to consider two types of Poisson brackets: [Hξ, Hξ′]PB and
[H(v,Λ), Hξ]PB. The former bracket is given by
[Hξ, Hξ′]PB = H(v˜,Λ˜) +Kξ,ξ′, (70)
where the central extension term Kξ,ξ′ is given by
Kξ,ξ′ =
∫
∂C
kξ′(π)|πµ=δξψµ, (71)
and (v˜, Λ˜) satisfies
δ(v˜,Λ˜) = [δξ, δξ′] (72)
for the background configurations. According to the closure relation [17] of D = 5 minimal
supergravity, the right-hand side of eq.(72) is expanded by the general coordinate transfor-
mation, U(1) gauge transformation, the supersymmetry transformation and the local Lorentz
transformation. Since the supersymmetry transformation parameter is given by O(ψ1µ), it van-
ishes on the ψµ = 0 background. Although the local Lorentz transformation parameter is given
by O(ψ0µ), the conserved charge associated with it vanishes on the ψµ = 0 background. Thus
we can neglect the latter two transformations and can read off (v˜, Λ˜) by comparison with the
closure relation as follows:
v˜ = − (iξΓµξ′ − iξ′Γµξ) ∂µ, Λ˜ = −√32 (ξξ′ − ξ′ξ)− Aµv˜µ. (73)
10 Our choice (24) makes e negative, so the volume element should be given by |e| rather than e.
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The latter bracket is given by [
H(v,Λ), Hξ
]
PB
= Hξ˜, (74)
where ξ˜ satisfies
δξ˜ = [δ(v,Λ), δξ], (75)
for the background configurations. Notice that it is difficult to derive ξ˜ from eq.(75) directly,
because we do not know how the supersymmetry transformation acts on the symmetry trans-
formation parameters. However, as is discussed in [29], it seems reasonable that ξ˜ is given
by
ξ˜ = Lvξ, (76)
where L denotes the Lie-Lorentz derivative [29] reviewed in appendix A. We adopt this expres-
sion in this paper, even if v is not only the Killing vector but also the asymptotic Killing vector
generating the ASG.
By calculating the conserved charges associated with the allowed transformation (67), we
find that they do not diverge and do not vanish only for
ξ+ = r1/2Ωη+(t), ξ− = ir−1/2ΩΓr∂tη
+(t). (77)
This implies that these spinors generate the ASSG. For the transformations (52) and (77),
eq.(76) reduces to
Lvξ = −ir1/2
[
f(t)Ω∂tη
+(t)− 1
2
∂tf(t)Ωη
+(t)
]
, (78)
up to trivial parts. Furthermore, for the spinors (77), eqs.(73) reduce to
v˜ = f˜(t)∂t − ∂tf˜(t)r∂r, (79)
Λ˜ = −v˜[λ]−
√
3j
4µ
(−g˜1(t) cosφ sin θ + g˜2(t) sinφ sin θ + g˜3(t) cos θ) , (80)
where the trivial generators are neglected, and
f˜(t) = 2√
µ
(
−η+(t)η′+(t) + h.c.
)
, (81)
g˜I(t) = 2√
µ
(
η+(t)ΓIΓr∂tη
′+(t)− ∂tη+(t)ΓIΓrη′+(t) + h.c.
)
. (82)
Eq.(79) and the first term of eq.(80) can be interpreted as the ASG generators since these parts
are of the same forms as eqs.(52). On the other hand, the second term of eq.(80) should be
viewed as the gauge transformation acting on the background gauge field. Then the background
gauge fixing parameter λ is shifted. Noting that the discussion of section 3 is applicable for
any r-independent λ, it is clear that the second term of eq.(80) does not affect the discussion
of the ASSG. Therefore we can neglect this term in the following analysis.
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To identify the ASSG, it is convenient to expand η(t) as
η(t) =
√
2µ1/4
∑
p∈Z+1/2
tp+1/2ηp, (83)
where ηp are constant Dirac spinors. Now ξ = −i(ξ+ + ξ−) reduces to
ξ =
√
2µ1/4
∑
p∈Z+1/2
(
ξp + ξ
sub
p
)
η+p (84)
where
ξp = −ir1/2Ωtp+1/2, ξsubp = (p+ 1/2)r−1/2ΩΓrtp−1/2. (85)
Furthermore Hξ is expanded as
Hξ =
∑
p∈Z+1/2
(
η+p Gp −Gpη+p
)
, (86)
where
Gp =
√
2µ1/4
∫
∂C
− i
4π
|e|ξ†pΓµνρψρ
(
d3x
)
µν
. (87)
In a similar way, HLvξ and H(v˜,−v˜[λ]) are expanded as
HLvξ =
∑
m∈Z
∑
p∈Z+1/2
fmη+p · i
(
p− m
2
)
Gm+p + h.c., (88)
H(v˜,−v˜[λ]) = 4
∑
p,q∈Z+1/2
(−η+p η′+q + η′+q η+p ) (−i)Lp+q, (89)
respectively. Since the conserved charges (54,86,88,89) satisfy eqs.(70,74), we could derive the
Poisson bracket algebras analogous to eq.(58) by removing the expansion coefficients. However,
rather than doing this, we directly derive the quantum (anti)commutation relations anologous
to eq.(59). To this end, in addition to the replacement implemented in section 3, we replace Gp
and η+p by the real Grassmann operators Gˆp and the real Grassmann numbers αp, respectively.
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Furthermore, noting that the central extension term Kξ,ξ′ vanishes for the transformations (77),
we have ∑
m∈Z
∑
p∈Z+1/2
[fmLˆm, αpGˆp] =
∑
m∈Z
∑
p∈Z+1/2
fm
(
m
2
− p)αpGˆm+p, (90)∑
p,q∈Z+1/2
[αpGˆp, α
′
qGˆq] =
∑
p,q∈Z+1/2
−αpα′q · 2Lˆp+q. (91)
By removing the paremeters fm and αp, these equations reduce to
[Lˆm, Gˆp] =
(
m
2
− p) Gˆm+p, {Gˆp, Gˆq} = 2Lˆp+q. (92)
Thus, in conjunction with eq.(59), the quantum operators Lˆm and Gˆp satisfy the super-Virasoro
algebra without the central extension.
11 Although Gp has four components, we will focus on the component which corresponds to a fermionic
generator of the minimal extension of Virasoro algebra. Other components will not be essential in the following
analysis.
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5 Summary and discussion
We have investigated the asymptotic symmetry group in the near horizon region of the BPS
rotating black hole in five dimensions. After obtaining the asymptotic Killing vectors under the
specified boundary conditions for the graviton and gauge field, we have constructed the finite
and nonvanishing conserved charges associated with the asymptotic Killing vectors and found
that the resulting charges obey the Virasoro algebra with the vanishing central extension.
Next, we obtained the asymptotic Killing spinors at the linearized level, under the suitable
boundary conditions for the gravitino. Based on the covariant phase space method, we have
also constructed the fermionic charges associated with the asymptotic Killing spinors and found
that these charges generate the super-Virasoro algebra with the vanishing central extension,
together with the bosonic charges. This asymptotic super-Virasoro algebra will shed some light
on the quantum mechanics of the BMPV black holes.
Here are some discussions on the relation to other approaches to black holes.
Relation to Kerr/CFT correspondence The BMPV black hole in five dimensions has
been investigated in the context of the Kerr/CFT correspondence [7, 8, 9, 10]. In those anal-
yses, an asymptotic Virasoro algebra with a non-vanishing central charge is obtained and the
Bekenstein-Hawking entropy of the black hole is reproduced by the Cardy formula of the hypo-
thetical dual conformal field theory in two dimensions. Although the asymptotic super-Virasoro
algebra obtained in this paper includes the Virasoro algebra, there are some crucial differences
from the Kerr/CFT analysis. One is the boundary condidtion (36) for the metric and gauge field
and the other is the geometric origin of the Virasoro algebra. The Virasoro algebra discussed
in section 3 is associated with the asymptotic Killing vector in the time and radial direction
and includes the isometry SL(2,R) of the near horizon solution. On the other hand, the Vi-
rasoro algebra discussed in [7, 8, 9, 10] is associated with the asymptotic Killing vector in the
angular direction and completely decoupled from the SL(2,R) isometry. Also, it is discussed
the existence of two choices of the asymptotic Virasoro algebra whose zero mode associated
with ∂φ or ∂ψ. From the perspective of supersymmetry, the Killing vector in the angular di-
rection ∂ψ has nothing to do with the isometry supergroup (see section 2) and another Killing
vector ∂φ is a part of the R-symmetry of the isometry supergroup SU(1, 1|2). We showed that
our boundary condition (36) allows the supersymmetric extension of the asymptotic Virasoro
algebra based on the isometry SL(2,R). It is very interesting to search for another boundary
condition which allows an asymptotic supersymmetry based on the Killing vector ∂φ which
should have a nonvanishing central extension.
Another interesting problem is the extension of the analysis presented here to Kerr black
holes in four dimensions. Since our analysis focuses on the near horizon geometry of the Kerr
black hole, which is no longer asymptotically-flat, it will be possible to find out the asymptotic
Killing spinors and the associated super-Virasoro algebra.
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Relation to AdS2/CFT1 correspondence As is well-known, the near horizon geometry of
the BMPV black hole has an AdS2 factor, whose isometry is SL(2,R). Since our asymptotic
symmetry group includes this isometry SL(2,R), one can naturally interpret our results from
the AdS2/CFT1 correspondence [2] (see also [30, 31]), which is the duality between gravity on
this near horizon geometry and a conformally invariant quantum mechanics (CQM). In the
context of the AdS2/CFT1 correspondence, the asymptotic analysis discussed in this paper
implies that the dual CQM has an infinite dimensional super-Virasoro symmetry. (Such a
super-Virasoro algebra is discussed in supersymmetric CQM [32].) If this is true, the super-
Virasoro algebra will be very useful to obtain the spectrum and correlation functions of the
dual CQM [33, 34].
Based on the AdS2/CFT1 correspondence, various approaches to the microscopic origin of
Bekenstein-Hawking entropy are discussed; Approaches based on the quantum entropy function
[35, 36, 37] and based on the entanglement entropy [38], and the probe D0-brane approach
[39, 40]. It is very interesting to understand the relationship between our analysis in this
paper and these approaches. In particular, these approaches have been applied to BPS charged
black holes in four dimensions whose near horizon geometry is AdS2 × S2. Since this near
horizon geometry is similar to that of the BMPV black hole, the analysis of the asymptotic
supersymmetry group can be extended straightforwardly to the four-dimensional BPS charged
black holes.
We hope to report on these problems elsewhere.
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A Lie-Lorentz derivative
In this appendix we define the Lie-Lorentz derivative [29] which is the natural extension of
the standard Lie derivative. The standard Lie derivative L does not act on any local Lorentz
indices. For example the action on the vielbein is given by
Lveaµ = vρ∇ρeaµ + eaρ∇µvρ = −vρωρabebµ +Dµva, (93)
where Dµ is the covariant derivative containing the both of the spin connection and the Christof-
fel symbol. Notice that the term −vρωρabebµ does not transform covariantly since ωµab is the
connection on the local Lorentz frame. This means that the standard Lie derivative does not
transform the vielbeins covariantly. More generally, let us consider quantities with any local
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Lorentz indices. We call such a quantity Lorentz tensor following the reference [29]. It is clear
that the standard Lie derivative does not transform the Lorentz tensors covariantly.
Now we want to introduce the extended Lie derivative L which satisfies the following prop-
erties:
• L transforms Lorentz tensors covariantly.
• Acting on the tensors without local Lorentz indices, L reduces to the standard Lie deriva-
tive L.
L should act on a Lorentz tensor Tµ1···µm
ν1···νn with the mixed curved space indices as
LvTµ1···µm
ν1···νn = vρDρTµ1···µmν1···νn
+ Tρµ2···µm
ν1···νnDµ1vρ + · · ·
− Tµ1···µmρν2···νnDρvν1 − · · ·
+ 1
2
ǫab(v)Σ
(r)
ab Tµ1···µm
ν1···νn , (94)
where Σ
(r)
ab is a generator of Lorentz group in the representation r. ǫ
ab(v) may be an arbitrary
local Lorentz transformation parameter which satisfies ǫab(v) = −ǫba(v).
To fix ǫab(v) appropriately, let us consider the case that v is a Killing vector. Then by
definition Lvgµν = 0, but eq.(93) reduces to
Lveaµ = −vρωρabebµ 6= 0. (95)
It seems reasonable that we take
Lve
a
µ = 0, (96)
in fact this criterion reduces to
0 = Lve
c
µ
= vρDρecµ + ecρDµvρ + 12ǫab(v)(Σab)cdedµ
= edµ (−Dcvd + ǫcd(v))
⇒ ǫab(v) = Davb. (97)
Noting that Davb = −Dbva, we find that the criterion (96) is an appropriate one. From
eqs.(94,97), we obtain the expression
LvTµ1···µm
ν1···νn = vρDρTµ1···µmν1···νn
+ Tρµ2···µm
ν1···νnDµ1vρ + · · ·
− Tµ1···µmρν2···νnDρvν1 − · · ·
+ 1
2
DavbΣ(r)ab Tµ1···µmν1···νn, (98)
and this is identical to the definition given in the reference [29]. Using the expression (98), it
is showed that L satisfies the following properties:
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• The action of Lv satisfies Leibniz rule:
Lv(T1T2) = LvT1T2 + T1LvT2. (99)
• Lv commutes with Γa:
[Lv,Γ
a]T = 0. (100)
• The commutator of two Lie-Lorentz derivatives is given by
[Lv1 ,Lv2 ]T = L[v1,v2]LBT. (101)
• Lv is linear in v.
where T is a Lorentz tensor with the mixed curved space indices.
B Conserved charges
In this appendix some properties of conserved charges are reviewed. It is convenient to start
with the Lagrangian D-form L following the reference [14, 15, 16, 13], which is related to the
Lagrangian density L as follows:
L = L (dDx) , (102)
where (dD−px)µ1···µp ≡ 1p!(D−p)!ǫµ1···µpµp+1···µDdxµp+1 ∧ · · · ∧ dxµD with ǫ0˙1˙··· ˙(D−1) = +1.12 The
approach which we follow here is called the covariant phase space method.
In appendix B.1 we define the conserved charges and deduce some immediate consequences.
In particular, the Poisson bracket algebra of two conserved charges are discussed. In appendix
B.2 we construct the conserved charges from D = 5 minimal supergravity action.
B.1 Conserved charge and Poisson bracket
We consider the theory which is described by the Lagrangian D-form L(Φ), where Φ denotes
the dynamical fields collectively. The variation of the Lagrangian D-form is given by
δL(Φ) = E(Φ)δΦ + dΘ(Φ, δΦ), (103)
and the equations of motion are E(Φ) = 0. The symmetry transformation is defined by
δǫL(Φ) = dBǫ(Φ). (104)
12 0˙1˙ · · · ˙(D − 1) denote the curved space indices.
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The conserved charge associated with the symmetry transformation (104) should be defined
as the integration of a corresponding conserved current. In the covariant phase space method,
such a current is defined by
ω(Φ, δ1Φ, δ2Φ) ≡ δ1Θ(Φ, δ2Φ)− δ2Θ(Φ, δ1Φ)−Θ(Φ, [δ1, δ2] Φ). (105)
To check that the current (105) is conserved, we calculate [δ1, δ2]L in two different ways:
[δ1, δ2]L = E(Φ) [δ1, δ2] Φ + dΘ(Φ, [δ1, δ2] Φ); (106)
and
[δ1, δ2]L = δ1 (E(Φ)δ2Φ + dΘ(Φ, δ2Φ))− (1↔ 2)
= δ1E(Φ)δ2Φ− δ2E(Φ)δ1Φ +E(Φ) [δ1, δ2] Φ + d (δ1Θ(Φ, δ2Φ)− δ2Θ(Φ, δ1Φ)) .
(107)
Then we have the conservation law
dω(Φ, δ1Φ, δ2Φ) = −δ1E(Φ)δ2Φ + δ2E(Φ)δ1Φ ≈ 0. (108)
where “≈” denotes the onshell equality. Now we can define the conserved charge associated
with the symmetry transformation (104) by integrating the conserved current (105)
δHǫ ≡
∫
C
ω(Φ, δΦ, δǫΦ), (109)
where C is a Cauchy surface.
For the existence of Hǫ, it is necessary that the definition (109) satisfies the consistency
condition
δ1(δ2Hǫ)− δ2(δ1Hǫ) = [δ1, δ2]Hǫ. (110)
This condition can be rewritten as
0 = δ1(δ2Hǫ)− δ2(δ1Hǫ)− [δ1, δ2]Hǫ
=
∫
C
(δ1ω(Φ, δ2Φ, δǫΦ)− δ2ω(Φ, δ1Φ, δǫΦ)− ω(Φ, [δ1, δ2] Φ, δǫΦ)) , (111)
or noting that ω(Φ, δ1Φ, δ2Φ) satisfies the identity
0 = δ1ω(Φ, δ2Φ, δ3Φ) + ω(Φ, δ1Φ, [δ2, δ3] Φ) + (cyclic terms for {1, 2, 3}), (112)
it can be rephrased as
0 =
∫
C
(δǫω(Φ, δ1Φ, δ2Φ) + ω(Φ, δ1Φ, [δ2, δǫ] Φ) + ω(Φ, δ2Φ, [δǫ, δ1] Φ)) . (113)
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The Poisson bracket of the two conserved charges is defined by
[Hǫ, Hǫ′]PB ≡ δǫHǫ′. (114)
To rewrite this, let us take the variation of the both sides
δ [Hǫ, Hǫ′]PB = δδǫHǫ′
= δǫδHǫ′ + [δ, δǫ]Hǫ′
=
∫
C
(δǫω(Φ, δΦ, δǫ′Φ) + ω(Φ, [δ, δǫ] Φ, δǫ′Φ))
=
∫
C
ω(Φ, δΦ, [δǫ, δǫ′] Φ), (115)
where the consistency condition (113) was used for the last equality. For any symmetry trans-
formations we can write as [δǫ, δǫ′] Φ = δǫ′′Φ, so we have
δ [Hǫ, Hǫ′]PB =
∫
C
ω(Φ, δΦ, δǫ′′Φ) = δHǫ′′, (116)
or integrating the both sides,
[Hǫ, Hǫ′]PB = Hǫ′′ +Kǫ,ǫ′, (117)
where Kǫ,ǫ′ is the integral constant and can be interpreted as the central extension term. Now
we adjust such that Hǫ vanishes for a reference field configuration Φ
ref, then we have
Kǫ,ǫ′ = [Hǫ, Hǫ′]PB =
∫
C
ω(Φ, δǫΦ, δǫ′Φ)|Φ=Φref . (118)
B.2 Construction
We move on the explicit constructions of the conserved charges defined by eq.(109). Our first
task is to rewrite the definition to the more tractable expression. From eqs.(103,104)
0 = E(Φ)δǫΦ + dΘ(Φ, δǫΦ)− dBǫ(Φ). (119)
Applying integration by parts to the first term
E(Φ)δǫΦ = ǫN(Φ,E(Φ)) + dSǫ(Φ,E(Φ)), (120)
and noting that the Noether identities imply N(Φ,E(Φ)) = 0, then we have
d [Sǫ(Φ,E(Φ)) +Θ(Φ, δǫΦ)−Bǫ(Φ)] = 0, (121)
or equivalently
Sǫ(Φ,E(Φ)) +Θ(Φ, δǫΦ)−Bǫ(Φ) = dQǫ(Φ). (122)
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Using this identity, we can rewrite the integrand of eq.(109) as follows:
ω(Φ, δΦ, δǫΦ)
= δΘ(Φ, δǫΦ)− δǫΘ(Φ, δΦ)−Θ(Φ, [δ, δǫ] Φ)
= δ (dQǫ(Φ)− Sǫ(Φ,E(Φ)) +Bǫ(Φ))− δǫΘ(Φ, δΦ)−Θ(Φ, [δ, δǫ] Φ)
≈ dδQǫ(Φ) + δBǫ(Φ)− δǫΘ(Φ, δΦ)−Θ(Φ, [δ, δǫ] Φ), (123)
where δSǫ(Φ,E(Φ)) ≈ 0 was used in the last line. From the conservation law (108)
− (δBǫ(Φ)− δǫΘ(Φ, δΦ)−Θ(Φ, [δ, δǫ] Φ)) ≈ dδQǫ(Φ)− ω(Φ, δΦ, δǫΦ) ≈ dAǫ(Φ, δΦ), (124)
so we have
ω(Φ, δΦ, δǫΦ) ≈ dkǫ(Φ, δΦ), kǫ(Φ, δΦ) ≡ δQǫ(Φ)−Aǫ(Φ, δΦ), (125)
and this means that the eq.(109) reduces to
δHǫ [Φ] ≈
∫
∂C
kǫ(Φ, δΦ). (126)
Bosonic symmetry Let us apply the algorithm described above to D = 5 minimal super-
gravity whose action is given by eq.(2). Here we focus on the bosonic symmetries which consist
of general coodinate transformations and U(1) gauge transformations. For all dynamical fields
the general coodinate transformation is represented by δvΦ = LvΦ, and the U(1) gauge trans-
formation acts on the only gauge field Aµ as δΛAµ = ∇µΛ.
Notice that there are no contributions from the action with more than one gravitino fields,
because we are interested in the background where the gravitino vanishes. Therefore we consider
the contributions from the Einstein-Hilbert term LE , the Maxwell term LF and the Chern-
Simons term LCS only.
First we consider the Chern-Simons contributions. The Lagrangian 5-form and the symme-
try transformation are given by
LCS =
1
6
√
3π
A ∧ F ∧ F, δv,ΛA = d(v · A+ Λ) + v · F, (127)
respectively, so we have
ΘCS(A, δA) = − 1
3
√
3π
A ∧ F ∧ δA, SCSv,Λ = 12√3πF ∧ F (v · A + Λ), (128)
BCSv,Λ(A) =
1
6
√
3π
[v · (A ∧ F ∧ F ) + ΛF ∧ F ] , (129)
and
ACSv,Λ(A, δA) =
1
3
√
3π
(−δA ∧ F (v · A+ Λ) + A ∧ (v · F ) ∧ δA+ A ∧ F (v · δA)) , (130)
QCSv,Λ(A) =
1
3
√
3π
A ∧ F (v · A+ Λ). (131)
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Therefore the contribution from LCS term is given by
kCSv,Λ(A, δA) =
1√
3π
δA ∧ F (v ·A + Λ) + 1
3
√
3π
A ∧ δA ∧ δv,ΛA+ d
(
1
3
√
3π
δA ∧ A(v · A+ Λ)
)
.
(132)
Note that the last term of eq.(132) does not contribute conserved charges, since conserved
charges are given by the integration of eq.(132) on the boundary of a Cauchy surface.
Next we consider the Einstein-Hilbert and Maxwell contributions. Noting that
δΛLE/F = 0, (133)
Bv,Λ(Φ) and Av,Λ(Φ, δΦ) are written as
B
E/F
v,Λ (Φ) = v ·L, AE/Fv,Λ (Φ, δΦ) = v ·Θ(Φ, δΦ). (134)
Therefore the expression of the conserved charge reduces to
δH
E/F
v,Λ [Φ] ≈
∫
∂C
k
E/F
v,Λ (Φ, δΦ), k
E/F
v,Λ (Φ, δΦ) ≡ δQE/Fv,Λ (Φ)− v ·ΘE/F (Φ, δΦ), (135)
where
dQ
E/F
v,Λ (Φ) = S
E/F
v,Λ (Φ,E(Φ)) +Θ
E/F (Φ, δv,ΛΦ)− v ·LE/F . (136)
The Einstein-Hilbert Lagrangian D-form is given by
LE =
1
16π
√−gR (dDx) (137)
so we have
ΘE(Φ, δΦ) =
√−g
16π
(∇νhµν −∇µh)
(
dD−1x
)
µ
, SEv = −
√−g
8π
Gµνvν
(
dD−1x
)
µ
, (138)
and
QEv,Λ(Φ) =
√−g
8π
∇νvµ (dD−2x)
µν
. (139)
Therefore the contribution from LE term is given by
kEv (Φ, δΦ) =
√−g
8π
[
vν∇µh− vν∇ρhµρ + vσ∇νhµσ + 1
2
h∇νvµ − hνρ∇ρvµ
] (
dD−2x
)
µν
. (140)
Similarly the contribution from LF term is given by
kFv,Λ(Φ, δΦ) =
√−g
16π
[(−2hF µν + 8hρµFρν − 8∇µaν) (Aρvρ + Λ)
−4F µνaρvρ − 8F νρaρvµ]
(
dD−2x
)
µν
. (141)
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Supersymmetry Finally, we derive the conserved charges associated with the supersym-
metry transformations (3-5). Noting that we remain on the background where the gravitino
vanishes, it is showed that the only contribution comes from Lψ term which is given by
Lψ = − i8πe(ψµΓµνρDνψρ + ψρ
←−
D νΓ
µνρψµ)
(
d5x
)
. (142)
Then we have
Θψ(Φ, δΦ) = e
16π
[−2iδψνΓµνρψρ + (h.c.) +O(ψ2)] (d4x)µ . (143)
In this case it is easy task to construct the conserved charge from the definition (109) directly,
since we are not interested in the explicit forms of the higher order terms with respect to
gravitinos. The only term which is relevant to our calculation is theO(ψ0) term in the integrand
of the conseved charge. From eq.(143) we have
ωψ(Φ, δΦ, δξΦ) = δΘ
ψ(Φ, δξΦ)− δξΘψ(Φ, δΦ)−Θψ(Φ, [δ, δξ] Φ)
= 1
4π
[
e∇ρ
(
iξΓµνρδψν
)
−1
4
eξ
(
−4iΓµνρDνδψρ +
√
3XµνρσδψνFρσ
)
+ (h.c.) +O(ψ)
] (
d4x
)
µ
≈ e∇ν
(− i
4π
ξΓµνρδψρ + (h.c.) +O(ψ)
) (
d4x
)
µ
= dkψξ (Φ, δΦ), (144)
where the linearized equations of motion was used in the third line, and
k
ψ
ξ (Φ, δΦ) = e
[− i
4π
ξΓµνρδψρ + (h.c.) +O(ψ)
] (
d3x
)
µν
. (145)
The last term of eq.(145) vanishes when we are interested in the ψµ = 0 background.
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